It is well known that in spite of the complications in the calculation of many quantum processes, the application of sum rules leads to great simplifications in many calculations such as those for the energy loss of charged particles. Examples can be found in almost all quantum systems including subatomic, atomic, and condensed matter systems ͓1͔. However, in most of these applications, the system must be strictly nonrelativistic with its eigenstates satisfying the Schrödinger equation. Some famous examples are the Thomas-Reiche-Kuhn ͑TRK͒ and the Bethe sum rule applied to nonrelativistic atomic systems. This is so restricted since the derivation of these sum rules is based on the completeness of the eigenstates, and a relativistic system will have to include the negative energy states ͓2͔ which will either lead to trivial sums or uninteresting results of little applications.
The problem of relativistic corrections to various sum rules has a long history, and there have been different approaches to suppress the negative energy states in doing the sum ͓3͔. These include the projection operator method ͓4͔, the second-quantization method ͓5͔, and the semirelativistic approach ͓3,6͔. For systems such as heavy atoms, these relativistic corrections will be significant and will quantitatively modify various physical quantities calculated using the nonrelativistic sum rules. For example, we had previously used the semirelativistic approach to obtain relativistic corrections to the Bethe sum rule ͓3,7͔, and the results were later applied to obtain significant corrections to the Bethe stopping power theory ͓8͔. While the Bethe sum rule and its "dipolar limit" ͑i.e., the TRK sum rule͒ are both very useful in atomic physics, they have been generalized by Wang ͓9͔ recently for a nonrelativistic system. In this Brief Report, we shall extend our previous work based on the Foldy-Wouthuysen ͑FW͒ transformation ͓3,7͔ to obtain relativistic corrections to the results of Wang ͓9͔ and recover the previous corrections in the case of the TRK and the Bethe sum rules under appropriate conditions. We first start by reformulating Wang's result following an approach that allows the sum to be calculated for an operator ͑generally non-Hermitian͒ which is an arbitrary function of the spatial coordinates.
For an arbitrary function of the coordinate operator F͑r ជ͒, Wang ͓9͔ obtained the following sum rule for a nonrelativistic system with H = p 2 /2m + V͑r ជ͒:
and a similar result when F itself is a vector function. Care must be taken to allow F in Eq. ͑1͒ to be non-Hermitian in general ͓10͔. In this case, one should have instead the following more general result ͓1͔:
which reduces to the result in Eq. ͑1͒ for Hermitian F. As an example, for F ជ ϵ r ជ which is Hermitian, both Eqs. ͑1͒ and ͑2͒ reduce back to the well-known nonrelativistic TRK sum rule ͓11͔. As another example, let F = e iq ជ·r ជ where q ជ is the momentum transfer; one easily shows from Eq. ͑2c͒ the following result ͓11͔:
Since the expectation value of the momentum operator ͗n͉p ជ͉n͘ = 0 with respect to any eigenstate of the nonrelativistic Hamiltonian, the second term on the right-hand side ͑RHS͒ of Eq. ͑3͒ vanishes and one sees immediately that Eq. ͑3͒ yields back the well-known Bethe sum rule ͓11,12͔. In the following, we shall calculate the lowest-order relativistic corrections to the result in ͑2͒ for a single-particle system and see how the previous results obtained in the literature for the relativistic corrections to the TRK and Bethe sum rules ͓3͔ can be recovered. To obtain to lowest order the relativistic corrections to Eq. ͑2͒, we follow our previous approach ͓3͔ for a one-electron system using the FW transformation. By adopting the independent-particle, local-potential description for a manyelectron atom, this one-particle result can be utilized to obtain first approximations to the corrections for a manyelectron system ͓8,13͔. Hence we start with our semirelatistic Hamiltonian in the form ͓3͔ *Corresponding author.
where we have included the rest mass, the kinetic energy correction, the spin-orbit, and the Darwin terms in the Schrödinger equation for the one-electron system and V = −Ze / r is the Coulomb potential due to the nuclear charge. It has been pointed out previously ͓3,5͔ that in such a calculation of the sum rule in ͑2͒, the FW transformation must be applied not only to the Hamiltonian, but also to the operator function F͑r ជ͒. When this is done, we obtain the "transformed F͑r ជ͒" to have the following form ͓14͔:
where G ជ ϵ ٌ ជ F. In the following, we shall use the Ĥ in Eq. ͑4͒ and F in Eq. ͑5͒ into Eq. ͑2a͒ to compute the relativistic corrections to ͑2͒. To the lowest order-i.e., O͑m −3 ͒-one obtains
The Hermitian conjugate of F can be obtained from Eq. ͑5͒ in the following form:
Hence, to O͑m −3 ͒, one obtains from Eqs. ͑6͒ and ͑7͒ the following result:
͑8͒
Substitution of Eq. ͑8͒ into Eq. ͑2a͒ gives the lowest relativistic corrections to the generalized sum rule. The first term in Eq. ͑8͒ leads back to the nonrelativistic result ͑except for possible corrections from the eigenstates as discussed below͒. The last two terms in Eq. ͑8͒ involving the spin ជ will not contribute to the sum since they all contain odd powers of the momentum operator ͓7͔. Thus the relativistic corrections mainly come from the second and third terms of Eq. ͑8͒. Hence, using the first three terms in Eq. ͑8͒ and with p ជ =−iបٌ ជ , we finally obtain the following result for the sum rule with relativistic corrections to the lowest order:
Note that the summation convention of repeated indices has been assumed in Eq. ͑9͒, which constitutes our main result in the present work. Note also that the eigenstates in Eq. ͑9͒ refer to the normalized positive energy states of the Hamiltonian in Eq. ͑4͒ which form a complete set. The ground eigenstate of these was first obtained by Berestetskii and Landau ͓15͔ in the following form:
where ͉0͘ D is the large component of the exact Dirac eigenstate which can in turn be expressed in terms of the nonrelativistic Schrödinger state as ͓16͔
In Eq. ͑11͒, NЈ is an appropriate normalization constant, a the Bohr radius, ␥ = ͱ 1−Z 2 ␣ 2 with ␣ the fine structure constant, and ± the up-down two-component Pauli spinors. Note that to the lowest-order correction in the sum S, corrections from the eigenstate ͉0͘ will at most enter via the first term in Eq. ͑9͒, which simply resembles the nonrelativistic sum had the eigenstate ͉0͘ assumed the Schrödinger state. The second and third terms in Eq. ͑9͒ represent relativistic corrections originating from the Hamiltonian and from the transformed F͑r ជ͒, respectively, which can be combined into one term in principle. Note that corrections from the eigenstate ͉0͘ will not enter into these two terms since these will lead to higher-order terms. This is in complete analogy to ordinary perturbation theory in which zeroth-order eigenfunctions are used to calculate first-order corrections to eigen energies. Hence, to lowest-order corrections, one simply uses the Schrödinger states for ͉0͘ in the second and third terms in Eq. ͑9͒. Note also that the result in Eq. ͑9͒ can in principle be symmetrized using Eq. ͑2b͒ as in the result obtained for the nonrelativistic case in Eq. ͑2c͒. Since the result will be very involved in the relativistic case, we shall leave it in the unsymmetrized form as in Eq. ͑9͒. However, the symmetrization process will still be very useful to obtain simplification in actual calculations as shown below.
As in Wang ͓9͔ for the nonrelativistic case, we shall illustrate the application of Eq. ͑9͒ to obtain relativistic corrections to the following three sum rules.
͑i͒ The Bethe sum rule. For F = e iq ជ·r ជ , where q ជ is the momentum transfer which is a c number, we obtain from Eq. ͑9͒ the following result for the Bethe sum rule:
Since it can be shown that all the matrix elements with an odd power in the gradient operator will vanish ͓7͔, we obtain from Eq. ͑12͒ the Bethe sum rule up to the lowest order in relativistic corrections in the following form:
where
The result in Eq. ͑14͒ reproduces a result obtained previously in the literature ͓3͔. Note that the corrections from the eigenstate do not enter the calculation of this sum since q 2 in the leading term is a constant, and the state ͉0͘ appearing in Eq. ͑14͒ is simply the nonrelativistic Schrödinger eigenstate.
͑ii͒ The TRK sum rule. Although the TRK sum rule can in principle be obtained as the low-q ជ limit of the Bethe sum rule ͓3,11͔, here we demonstrate explicitly how the result in Eq. ͑9͒ can be applied directly to obtain relativistic corrections to this sum rule. For F ជ = r ជ, which is a vector operator, one simply needs to replace F in Eq. ͑9͒ by a component of F ជ and sum over the contributions from each of the components ͓9͔. Since here the function is linear in the coordinates, only the first-order derivatives will survive and we find from Eq. ͑9͒ the following:
where summation over the index i is implied. The evaluation of the expectation values in Eq. ͑15͒ can be facilitated by using the symmetrized form ͑2b͒ which is equivalent to the "double-commutator" calculation for Hermitian F. When this is done, one obtains the following results for the integrals of the expectation values:
Substitution of the results in Eqs. ͑16͒ and ͑17͒ into Eq. ͑15͒ yields the TRK sum rule to the lowest-order relativistic corrections in the following form:
We see that the result in Eq. ͑18͒ again reproduces the previous result obtained in the literature ͓3͔, with ͉0͘ being simply the Schrödinger state. ͑iii͒ The monopole sum rule. For F = r 2 , Wang has used the generalized result in Eq. ͑1͒ to obtain the nonrelativistic result for the monopole sum rule which has its application in nuclear collective excitation ͓9,17͔. Using Eq. ͑9͒, we obtain the nonvanishing terms for the monopole sum rule to the lowest-order relativistic corrections as follows:
To evaluate the expectation values, we again resort to the symmetrization approach and obtain for the nonrelativistic term:
For the relativistic correction, we have the following expectation values: ͑24͒ Note that in this case, there will be relativistic contributions to the first term in Eq. ͑23͒ through the eigenstate ͉0͘ given in Eq. ͑10͒, while that appearing in Eq. ͑24͒ is still simply the Schrödinger state. Explicit calculation of all these corrections in Eqs. ͑14͒, ͑18͒, ͑23͒, and ͑24͒ using the appropriate eigenstates is straightforward, but can be tedious, and is given in the Appendix.
In this work, we have derived the lowest-order relativistic corrections to a generalized sum rule for an arbitrary function of the coordinates which does not need to be Hermitian.
When corrections from the eigenstates cannot be ignored, the calculation can be quite tedious as illustrated in the Appendix. Other possible applications of our present result in Eq. ͑9͒ include corrections to various sum rules useful for nuclear systems where F͑r ជ͒ assumes the density operator of the nucleons ͓1͔. In principle, as long as the transition probability ͑or form factor͒ depends only on the spatial coordinates of the system involved, our result will be useful for the study of the relativistic corrections to the calculations of total cross sections, stopping powers, etc., as has been illustrated previously in the literature ͓8͔.
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